Abstract. We prove that termination of lower dimensional flips for generalized klt pairs implies termination of flips for log canonical generalized pairs with a weak Zariski decomposition. Moreover, we prove that the existence of weak Zariski decompositions for pseudo-effective generalized klt pairs implies the existence of minimal models for such pairs.
Introduction
One of the main goals of the minimal model program is to show that given a Q-factorial klt pair (X, B) such that K X + B is pseudo-effective (resp. not pseudo-effective), then there exists a finite sequence of divisorial contractions and flips X X 1 X 2 . . . X n such that (X n , B n ) is a minimal model (resp. there is a Mori fiber space X n → Y and in particular −(K Xn + B n ) is ample over Y ), where B n is the strict transform of B on X n . We refer the reader to [KM98] for the details of the minimal model program. After [BCHM10] , it is known that the above sequence of flips and divisorial contractions always exists and the only remaining question is wether it terminates after finitely many steps. It is well known that any such sequence can have only finitely many divisorial contractions and hence the main open question is if there are no infinite sequences of flips. A flip X X + is a small birational map of Q-factorial varieties, projective over a variety W such that ρ(X/W ) = ρ(X + /W ) = 1 and both −(K X + B) and K X + + B + are ample over W where B + is the strict transform of B. As a consequence of the negativity lemma, it is easy to see that flips improve certain singularity invariants known as log discrepancies. More precisely, if X X + is a flip, then we have the following inequality a E (X, B) ≤ a E (X + , B + ) which is strict if and only if the center of E is contained in the flipping locus i.e. the exceptional locus of the flipping contraction X → W . Shokurov has shown [Sho04] that certain natural conjectures concerning log descrepancies (namely the ascending chain condition for MLD's and the semicontinuity for MLD's) actually imply termination of flips. Unluckily these conjectures are very subtle and not well understood in dimension ≥ 3. In [BCHM10] a different approach is introduced. Instead of trying to prove termination of arbitrary sequences of flips, the authors show termination of specific kinds of minimal model programs known as minimal model programs with scaling. This approach is succesful whenever K X + B is big or B is big or K X + B is not pseudo-effective. In particular the existence of minimal models for klt pairs of log general type follows as well as the existence of Mori fiber spaces for klt pairs (X, B) such that K X + B is not pseudo-effective. This approach does not seem to shed any light on the termination of arbitrary sequences of flips.
In [Bir07] , Birkar introduced a new philosophy to prove termination of flips for klt pairs such that K X + B is pseudo-effective. In this case one expects that K X +B ≡ G ≥ 0. Birkar shows that assuming the ascending chain condition conjecture for log canonical thresholds and the termination of flips for klt pairs of dimension ≤ d − 1, then flips terminate for any d-dimensional log canonical pair (X, B) such that K X + B ≡ G ≥ 0. The ascending chain condition conjecture for lct's was proved by Hacon, McKernan and Xu in [HMX14] , and later extended to the context of generalized pairs by Birkar and Zhang in [BZ16] . In [Sho09] , Shokurov shows that termination of flips with scaling holds for pseudo-effective klt fourfolds and in particular these pairs admit a minimal model and hence a Zariski decomposition. In [Mor18] , the second author proves termination of psuedo-effective 4-fold flips by combining the results of [Bir07] , [Sho09] and [BZ16] . Following this phylosophy, in this article we prove that the existence of a weak Zariski decomposition for a generalized log canonical pair can be used to reduce termination of flips for such pair to lower dimensional terminations. More precisely, we prove the following theorems: Theorem 1. Assume termination of flips for generalized klt pairs of dimension at most n−1. Let (X/Z, B + M ) be a generalized log canonical pair of dimension n admitting a weak Zariski decomposition. Then any minimal model program for K X + B + M/Z terminates.
Theorem 2. Assume existence of weak Zariski decompositions for pseudo-effective generalized log canonical pairs of dimension at most n. If (X/Z, B+M ) is a pseudo-effective generalized log canonical pair of dimension n, then any good minimal model program for (X/Z, B + M ) terminates. See 1.12 for the definition of good minimal model program. In particular, any minimal model program with scaling of an ample divisor is good so we obtain the following corollary. Corollary 1. Assume the existence of weak Zariski decompositions for pseudo-effective generalized log canonical pairs of dimension at most n. If (X/Z, B + M ) is a pseudo-effective log canonical pair of dimension n, then (X/Z, B + M ) has a minimal model.
Finally we remark that it is expected that the existence of a weak Zariski decompositions for pseudoeffective generalized log canonical pairs is implied by the existence of a weak Zariski decompositions for pseudo-effective log canonical pairs. We hope to adress this issue in a separate paper.
Preliminary results
1.1. Weak Zariski decomposition. Definition 1.1. Let D be a R-Cartier divisor on a normal variety X/Z. A weak Zariski decomposition for D over Z consists of a normal variety X ′ , a projective birational morphism f : X ′ → X, and a numerical equivalence
such that the following properties hold
(1) P ′ and N ′ are R-Cartier divisors, (2) P ′ is nef over Z and N ′ is an effective R-divisor.
We will say that a generalized pair (X/Z, B + M ) has a weak Zariski decomposition if the R-Cartier divisor K X + B + M/Z has a weak Zariski decomposition. In what follows, we may write WZD instead of weak Zariski decomposition in order to shorten the notation.
Remark 1.2. Consider an R-Cartier divisor D on a projective normal variety X. If there exists a projective D-non positive birational contraction π : X X 1 , such that the divisorial push-forward π * D is a nef R-Cartier divisor, then D has a weak Zariski decomposition. Indeed, we consider a common resolution of singularities with projective birational morphisms f : X ′ → X and f 1 : X ′ → X 1 , and we write
is nef and E is an effective R-divisor. In particular, a pair (X, ∆) admitting a minimal model has a weak Zariski decomposition. Therefore, conjecturally, every pseudo-effective log canonical pair has a WZD.
Remark 1.3. In [Zar62] , Zariski proved that any effective divisor D on a smooth projective surface X can be decomposed as P + N , where P and N are Q-divisors, P is nef, N is effective, the intersection matrix of N is negative definite, and P · C = 0 for every irreducible componente C of N . In [Fuj79] , Fujita generalized the above decomposition to the context of pseudo-effective R-divisors.
There have been many attempts to generalize the above decomposition for higher dimensional varieties. For instance, the Fujita-Zariski decomposition [Fuj86] and the CKM-Zariski decomposition (see, e.g., [Pro03] ). In [Bir12a] , assuming the minimal model program for dlt pairs in dimension d − 1, the author proves that the existence of a WZD for a log canonical pair of dimension d is equivalent to the existence of all of the above decompositions.
Remark 1.4. In [Les14] , the author constructs a psuedo-effective divisor on the blow up of P 3 at nine very general points, which lies in the closed movable cone and has negative intersections with a set of curves whose union is Zariski dense. Hence, this pseudo-effective divisor does not admit a weak Zariski decomposition.
1.2. Generalized pairs. In this subsection, we recall the language of generalized pairs. Definition 1.5. A generalized pair is a triple (X/Z, B + M ), such that the following conditions hold (1) X is a quasi-projective normal algebraic variety, (2) X → Z is a projective morphism of normal varieties, (3) M is the push-forward of a nef R-divisor on a higher birational model of X over Z, (4) B is an effective R-divisor, (5) K X + B + M is an R-Cartier divisor. More precisely, there exists a projective birational morphism f :
We can define B ′ via the equation
We will say that B is the boundary part and M is the nef part of the generalized pair. Observe that M ′ defines a nef b-Cartier R-divisor in the sense of [Cor07, Definition 1.7.3]. We will say that this is the nef b-divisor associated to the generalized pair.
Definition 1.6. Given a projective birational morphism g : X ′′ → X which dominates X ′ → X, we can write
where M ′′ is the pull-back of M ′ to X ′′ . Given a prime divisor E on X ′′ , we define the log discrepancy of (X/Z, B + M ) at E to be
We say that (X/Z, B + M ) is Kawamata log terminal or klt if the log discrepancy of (X/Z, B + M ) at any prime divisor over X is positive, and we say that (X/Z, B + M ) is log canonical or lc if the log discrepancy of (X/Z, B + M ) at any pirme divisor over X is non-negative. By Hironaka's resolution of singularities we may assume that X ′′ is smooth and B ′′ has simple normal crossing support. In this case, (X/Z, B + M ) is klt (resp. lc) iff coeff(B ′′ ) < 1 (resp. coeff(B ′′ ) ≤ 1).
Definition 1.7. Let (X, B + M ) be a generalized pair and (X ′′ , B ′′ + M ′′ ) any log resolution as above. A prime divisor E of X ′′ such that coeff E (B ′′ ) ≥ 1 is called a generalized non-klt place of the generalized pair (X, B + M ). Moreover, if coeff E (B ′′ ) = 1 (resp. coeff E (B ′′ ) > 1) then we may call it a generalized log canonical place (resp. generalized non-lc place) of the generalized pair on X ′′ . The image of a generalized nonklt place (resp. generalized log canonical place) on X is called a generalized non-klt center (resp. generalized log canonical center) of the generalized pair. A generalized non-klt center of a generalized pair (X, B + M ) is said to be minimal if it is minimal with respect to inclusion. Definition 1.8. Let (X/Z, B + M ) be a generalized log canonical pair. A weak contraction φ : X → W for the generalized pair is a projective birational contraction over Z, such that −(K X + B + M ) is nef over W . A quasi-flip of φ is a projective birational map π : X X + with a projective birational contraction φ + : X + → W over Z, such that the following conditions hold
(1) the triple ( As usual, the morphism φ (resp. φ + ) is called the flipping contraction (resp. flipped contraction). We may call (X/Z, B + M ) (resp. (X + /Z, B + + M + )) the flipping generalized pair (resp. flipped generalized pair) when the flip is clear from the context. Definition 1.9. A quasi-flip π is said to be ample if −(K X + B + M ) and K X + + B + + M + are ample over W , and at most one of the morphisms φ and φ + is the identity. Observe that if φ + is the identity, then φ is a divisorial contraction, and vice-versa. In the above case, the quasi-flip will be called a weak divisorial contraction and weak divisorial extraction, respectively. The quasi-flip π is said to be small if both φ and φ + are small morphisms. A flip is an ample small quasi-flip of relative Picard rank one. A divisorial contraction (resp. divisorial extraction) is a weak divisorial contraction (resp. weak divisorial extraction) of relative Picard rank one. Definition 1.10. A sequence of quasi-flips for a generalized log canonical pair (X, B + M ) is said to be with a common b-nef divisor if all the nef parts M i in the sequence of quasi-flips are the trace of a common b-nef b-Cartier R-divisor. A sequence of quasi-flips for a generalized log canonical pair (X, B + M ) is said to be under a set satisfying the DCC if the coefficients of all the boundary parts B i in the sequence of quasi-flips belong to a fixed set satisfying the DCC. Moreover, we say that the sequence is with a fixed boundary divisor if the boundary divisor on the flipped pair is the divisorial push-forward of the boundary divisor on the flipping pair. Definition 1.11. A minimal model program for K X + B + M over Z, is a sequence of flips and divisorial contractions for K X + B + M over Z. A weak minimal model program for K X + B + M over Z, is a sequence of ample quasi-flips for K X + B + M over Z. Definition 1.12. We say that a weak minimal model program The following proposition is well-known to experts (see, e.g. [Sho04, Monotonicity] ).
Proposition 1.14. Given a quasi-flip π : X X + for generalized log canonical pairs (X/Z, B + M ) and (X + /Z, B + + M + ) over Z, with flipping contraction φ : X → W , and a prime divisor E over X, we have that
and the inequality is strict if and only if the center of E on X is contained in the flipping locus.
Definition 1.15. Let (X/Z, B + M ) be a generalized pair, let N an effective divisor on X and P ′ a nef R-Cartier divisor over Z on X ′ , such that P + N is R-Cartier, where P = f * P ′ . The generalized log canonical threshold of N + P with respect to the generalized pair (X, B + M ) is defined to be
where the above generalized pair has boundary part B + λN and nef part M + λP . If (X, B + M ) is generalized log canonical, then the above real number is non-negative. Observe that the above threshold may be infinite, for instance if P ′ = f * P and N = 0. 
, N + P ∈ B(Λ) and dim(X) = n} satisfies the ascending chain condition. Here, we assume that N + P is R-Cartier so that the definition of log canonical threshold makes sense. The proof relies on [HMX14] , where this result is proved in the case M ′ = N ′ = 0. In [BZ16] , the authors prove the statement by induction in the number of non-trivial coefficients of M ′ and N ′ .
Remark 1.17. If M = 0, then we will drop the word "generalized" from the definition. In this case, we are in the usual setting of log pairs as in [KM98, HK10] .
1.3. Log canonical threshold with respect to weak Zariski decompositions. In this subsection, we introduce an invariant for generalized log canonical pairs admitting a weak Zariski decomposition.
Definition 1.18. Let (X/Z, B + M ) be a Q-factorial generalized log canonical pair with a weak Zariski decomposition given by the projective birational morphism f : X ′ → X over Z and the numerical equivalence
We consider P = f * P ′ and N = f * N ′ as the nef part and boundary part of a generalized boundary, and define
We call this invariant the log canonical threshold of the generalized pair with respect to the weak Zariski decomposition or just the lct with respect to the WZD. When the weak Zariski decomposition is clear from the context, we will just write lct WZD instead of lct WZD(f,N +P ) .
Remark 1.19. The generalized log canonical threshold with respect to the weak Zariski decomposition depends on the chosen WZD and not only on the given generalized pair. For instance, every effective divisor linearly equivalent to K X + B + M gives a different weak Zariski decomposition, and different choices of effective divisors give different log canonical thresholds. The above invariant is uniquely determined by the generalized pair if we choose a Nakayama decomposition (see, e.g., [Nak04] ). However, the existence of a WZD is a weaker assumption (see, e.g., [Bir12a]). Lemma 1.20. Let (X/Z, B + M ) be a Q-factorial generalized log canonical pair with a weak Zariski decomposition. The lct with respect to the WZD is finite unless K X + B + M is nef over Z.
Proof. Without loss of generality we may assume that we have a projective birational morphism f : X ′ → X such that both nef b-Cartier divisors P ′ and M ′ descend to X ′ . If N ′ is a non-trivial effective divisor, then the above log canonical threshold is finite, so we may assume it is trivial. Since X is Q-factorial, by the negativity lemma we can write f * P = P ′ + E where E is an effective divisor. If E is non-trivial, the above log canonical threshold is again finite. Otherwise, we have f * P = P ′ which implies that P is a nef divisor over Z, and so we conclude that K X + B + M ≡ Z P is nef over Z as well. Proof. We may assume that f 1 : X ′ → X 1 is a morphism. We have
Lemma 1.23. Let (X/Z, B + M ) be a Q-factorial generalized log canonical pair with a weak Zariski decomposition and
be a sequence of small ample quasi-flips for K X + B + M over Z. Then, the lct of the generalized pairs (X i /Z, B i + M i ) with respect to the WZD induced by Lemma 1.22 forms a non-decreasing sequence of positive real numbers.
Proof. Since π i is a small ample quasi-flip over Z we know that the generalized log canonical pair (X i /Z, B i + M i ) is not nef over Z. Hence, by Lemma 1.20, we conclude that the lct with respect to any WZD of K Xi + B i + M i over Z is finite. It suffices to prove the statement for a single small ample quasi-flip π : X X + over Z, of the Q-factorial generalized log canonical pair (X/Z, B + M ). We will denote by (X + /Z, B + + M + ) the flipped generalized log canonical pair. Consider two projective birational morphisms f : X ′ → X and f + : X ′ → X + over Z, such that both nef b-Cartier divisors P ′ and M ′ descend on X ′ . We will denote by f
By the negativity lemma we have
where N ′ ≥ N ′ + ≥ 0. Hence, we have an induced Zariski decomposition for K X + + B + + M + /Z and we will denote
Without loss of generality we may assume that X ′ is a log resolution of both generalized pairs. By Lemma 1.21, this assumption does not change the lct with respect to the WZD. Therefore, for every λ > 0 we have that f *
concluding the inequality between log canonical thresholds.
Corollary 1.24. The lct with respect to the WZD of a small ample quasi-flip (X/Z, B+M ) (X + /Z, B + + M + ) strictly increases if and only if the flipping locus contains all the generalized log canonical centers of (X/Z, B + M + λ(P + N )) where λ is the log canonical threshold of the generalized pair (X/Z, B + M ) with respect to the WZD.
Generalized divisorially log terminal modifications.
In this subsection, we recall the proof of existence of Q-factorial dlt modifications for generalized log canonical pairs (see, e.g., [BH14, Remark 4.5] and [Bir17, 2.6.(2)]). In [AH12] and [KK10, Theorem 3.1], there is a proof of existence of dlt modifications for pairs. Definition 1.25. We say that the pair (X/Z, B) is divisorially log terminal or dlt if the coefficients of B are less than or equal to one, and there is a log resolution g : X ′′ → X over Z, such that a E (X/Z, B) > 0 for all g-exceptional prime divisors E on X ′′ . We say that (X/Z, B + M ) is generalized divisorially log terminal or generalized dlt if (X/Z, B) is dlt and if every generalized non-klt center of (X/Z, B + M ) is a non-klt center of (X/Z, B). Definition 1.27. Let (X/Z, B + M ) be a generalized log canonical pair. Let h : Y → X be a projective birational morphism of normal varieties over Z. We may assume that the given projective birational morphism f : X ′ → X factors through h. Then, we define B Y and M Y to be the push-forwards of B ′ and M ′ on Y , respectively. Thus, we can write Proof. Assume that the morphism f : X ′ → X over Z gives a log resolution of the generalized pair. We may assume that f is obtained by blowing up loci of codimension at least two, so that there exists an f -exceptional divisor C ≥ 0 such that −C is f -ample.
We define ∆ = ⌊B⌋ and T = B − ∆, and as usual we write
hence we can write
+ is supported on the sum of the divisors with generalized log discrepancy zero, E 0 is supported on the sum of the f -exceptional divisors with generalized log discrepancy in (0, 1], and E − is supported on the sum of the f -exceptional divisors with generalized log discrepancy ≥ 1. We may assume that the support ogf E 0 contains the f -exceptional divisors with generalized log discrepancy equal to 1.
We consider a sufficiently ample divisor H on X. For every ǫ 1 , ǫ 2 , ǫ 3 ∈ R >0 we have
We can choose ǫ 1 sufficiently small such that both −ǫ 2 (−C + f * H) + M ′ and ǫ 2 (ǫ 1 E + − C + f * H) + M are ample, so they are Q-linearly equivalent to effective divisors H 1 (ǫ 2 ) and H 2 (ǫ 2 ) with coefficients in (0, 1) such that B ′ + H 1 (ǫ 2 ) + H 2 (ǫ 2 ) has simple normal crossing support. If ǫ 3 is small enough, the pair
is klt, so by [BCHM10] we can run a minimal model program π : X ′ Y , of the above pair with respect to X which terminates with a minimal model h : Y → X. The above minimal model program is also a minimal model program for the pair (X,
so the minimal model is dlt.
Observe that the strict transform of the Q-divisor
on Y is h-anti-nef and its push-forward on X is trivial. By the negativity lemma we conclude that the push-forward on Y of the above divisor must be effective. Then, if we take 0 < ǫ 2 ≪ ǫ 3 ≪ 1, the irreducible divisors on the support of 1.5. Generalized dlt adjunction. In this subsection, we recall the construction and properties of generalized divisorial adjunction in [BZ16] and introduce a generalized dlt adjunction formula.
Definition 1.30. Let (X/Z, B + M ) be a generalized log canonical pair, assume that S is the normalization of a component of ⌊B⌋ and S ′ its birational transform on X ′ . Replacing the morphism f : X ′ → X with a higher birational model, we may assume that f is a log resolution for the generalized log canonical pair (X, B + M ). Then, we can write
and
where Proof. This is proved in [BZ16, Proposition 4.9]. Lemma 1.33. Let Λ be a set of nonegative real numbers satisfying the DCC condition and d ∈ Z ≥1 , then there is a set of nonegative real numbers Θ satisfying the DCC condition, which only depends on d and Λ, such that if 
where (V /Z, B V + M V ) is a generalized dlt pair, the coefficients of B V belong to Θ and we can write
Proof. We proceed by induction on the codimension of the log canonical center. If the log canonical center has codimension one, then this is Lemma 1.32. If the log canonical center V has higher codimension, by Lemma 1.26 we know that V is contained in some divisor S which appears with coefficient one in B. Therefore, by Lemma 1.32 we can do a divisorial generalized adjunction to S. By [HK10, Theorem 3.24], the generalized pair (S/Z, B S + M S ) is dlt and V is a non-klt center of such generalized pair. Hence, by the induction hypothesis on the codimension, we can write an adjunction formula 
where Ω is the set of Lemma 1.32. Proposition 1.38. Every Q-factorial generalized log canonical pair admits a generalized klt closure. Moreover, we may assume that the coefficients of the boundary part on the generalized klt closure are the same as those of the starting generalized pair.
Proof. Let (X/Z, B + M ) be a generalized log canonical pair. By Proposition 1.28, we can construct a dlt modification (Y /Z, B Y + M Y ) of (X/Z, B + M ) and then reduce the coefficients of the extracted divisors to zero. It suffices to prove that the dlt modification is an isomorphism on the generalized klt locus of (X/Z, B + M ). Observe that the projective birational morphism h : Y → X does not extract divisors over the generalized klt locus of (X/Z, B + M ), therefore over such locus we have a small morphism between Q-factorial varieties, which is an isomorphism. 
be a minimal model program which is an isomorphism at the generic point of a log canonical center V of (Y /Z, B Y + M Y ). Then, the induced sequence of birational maps (see §1.5)
is a sequence of ample quasi-flips or identities for the generalized dlt pair (V,
Proof. This is proved in [Mor18, Proposition 4.3] for the divisorial generalized adjunction. The general case follows by induction on the codimension of the log canonical center. and X have the same Picard rank over W , which means that π ′ is a small morphism between Q-factorial varieties, so it must be an isomorphism.
The following lemma is a version of Fujino's special termination for dlt pairs in the context of generalized pairs (see, e.g., [Fuj07] ). 
it follows that the induced minimal model program for (V /Z, B V + M V ) is good.
Proof of Theorem 1. Assume termination of flips for generalized klt pairs of dimension at most n − 1. Let (X/Z, B + M ) be a generalized log canonical pair of dimension n admitting a weak Zariski decomposition. We proceed by contradiction. Let
be an infinite minimal model program for (X/Z, B + M ).
Step 1. We reduce to the Q-factorial dlt case.
Consider the ample quasi-flip π 1 : X X 1 with flipping contraction φ : X → W . By Lemma 1.28, we have a Q-factorial dlt modification
By Lemma 1.29, we can run a minimal model program for the Q-factorial generalized dlt pair (Y /Z, B Y +M Y ) with scaling of a general ample divisor over W . By Lemma 2.5 and the induction hypothesis, we may assume that the sequence of flips is eventually disjoint from the generalized non-klt locus of the generalized pair. However, in this case we obtain a minimal model program with scaling for a quasi-projective generalized klt pair which is big over the base. This terminates by [BZ16, Lemma 4.4]. Thus, the above minimal model program terminates with a minimal model (Y 1 /Z, B Y1 + M Y1 ) over W which is a generalized dlt modification of (X 1 /Z, B 1 + M 1 ) and (X 1 /Z, B 1 + M 1 ) is its generalized log canonical model over W .
Proceeding analogously with the other steps of the minimal model program, we obtain an infinite minimal model program for Q-factorial generalized dlt pairs
we denote by P Yi and N Yi the push-forward of the nef part and effective part of the weak Zariski decomposition induced by Lemma 1.22 on each generalized pair (Y i /Z, B Yi + M Yi ). Moreover, we denote by λ i the log canonical threshold of the Q-factorial generalized dlt pair (Y i /Z, B Yi + M Yi ) with respect to P Yi + N Yi .
Recall from Lemma 1.23 that the λ i form a non-decreasing sequence of non-negative real numbers.
Step 2. We may assume that the non-decreasing sequence λ i is eventually constant and equal to a nonegative real number λ > 0 and the set of non-klt centers of the Q-factorial generalized log canonical pairs
By the ACC for generalized log canonical thresholds [BZ16, Theorem 1.5] we conclude that after finitely many steps the sequence λ i must stabilize to a nonegative real number λ. Moreover, by the monotonicity property of generalized log discrepancies (Proposition 1.14), we conclude that after finitely many steps of the minimal model program, the generic point of any of the (finitely many) generalized non-klt centers is not contained in the flipping locus. By applying Step 1 again, we may assume that the generalized pairs (Y i /Z, B Yi + M Yi + λ(P Yi + M Yi )) are indeed Q-factorial generalized dlt.
Step 3. We may assume that there exists λ ′ ≥ λ and divisors 0 ≤ B Similar to the proof of Step 2 of Theorem 1.
Step 3. We may assume that there exists λ ′ ≥ λ and divisors 0 ≤ B =1 that is not contained in any flipping locus but intersects infinitelly many flipping loci.
In particular, each birational map π i :
Similar to the proof of Step 3 of Theorem 1.
Step 4. We prove that a minimal model program as in Step 3 terminates.
Observe that we have a good minimal model program for a Q-factorial generalized dlt pair and a log canonical center which is intersected non-trivially by infinitely many flips. By Lemma 2.5, we obtain an infinite good minimal model program for a generalized klt pair of dimension at most n − 1, leading to a contradiction.
